1. Introduction. It is well known that every simple closed curve in E2 may be approximated arbitrarily closely from either side by a polyhedral simple closed curve and that every two simple closed curves in E2 axe equivalently imbedded, i.e., there exists a homeomorphism of E2 onto itself taking one onto the other, [14] . The analogous statements for 2-spheres in £3 are false. There are examples of 2-spheres in E3 which cannot be homeomorphically approximated from the side (see [1; 5; 6; 10]) and examples of 2-spheres in E3 whose imbeddings are not equivalent to the imbedding of a polyhedral 2-sphere (see [1;5;10]).
In Part II we will prove that if D is a disk in E3 such that all the wild points of D are in IntD, then D "almost" lies on a 2-sphere in E3, i.e., given s > 0, there exists a finite number of mutually exclusive subdisks {-D,}f=i of IntD with diam£>¡ < e and such that D -EfLi (IntD¡) lies on a 2-sphere in E3. This result will then be extended to more general disks and some consequences of the theorem will be indicated.
2. Definitions and notation. By n-ball we mean the set {(xux2,---,xn)\x{ +x22 + ■■■ + x*^l} in E". An n-cell Cis any set homeomorphic to the n-ball and an (n -l)-sphere Sn~1is any set homeomorphic to the boundary of the n-ball. Note that an n-sphere is homeomorphic to the one-point compactification of E". The interior of an n-cell IntCis the set of those points which, under any homeomorphism from the n-cell to the n-ball, have their images in the point-set interior of the n-ball in E". Note that this may not coincide with the point-set interior of the n-cell, for the point-set interior depends on the space in which the n-cell is imbedded, while the interior is invariant. Likewise, the boundary of an n-cell BdC" is the set C -Int C", and may not coincide with the point-set boundary. An n-annulus is a set homeomorphic to the Cartesian product of an (n -1)-sphere Sn_1 and the unit interval [0, 1] . If an (n-l)-sphere S"_1 is imbedded in E" (or in the interior of an n-cell) we will use IntS""1 to denote the bounded complementary domain of S"-1 (or the complementary domain of S"_1 which does not contain the boundary of the n-cell) and ExtS"-1 to denote the other complementary domain. If S' and S axe two (n -l)-spheres in E "(or in an «-cell) with S'dntS, [S',S] will denote (ExtS'n IntS) US'US.
An arc is 1-cell, a disk is a 2-cell, and a simple closed curve is a 1-sphere. A geometric complex is a metric space which is the sum of a locally finite collection of simplices such that if two simplices intersect, the intersection is a face of each. A set P is called a polyhedron in a geometric complex C if it is equal to a subcomplex of some subdivision of C. A point set K in C is locally polyhedral at a point p of K if there is an open set U containing p such that Ü O K is a polyhedron in C.
We will say that a subset K of E" is tamely imbedded (or tame) if there is a homeomorphism of E" onto itself which takes K onto a polyhedron. K will be called locally tamely imbedded if for each point p of K, there is a neighborhood N of p and a homeomorphism /ip of Ñ onto a polyhedron in E" such that hp(Ñn K) is a polyhedron. Any point of K where K fails to be locally tamely imbedded will be called a wild point of K. Bing in [8] and, independently, Moise in [12] have proven that in a 3-manifold, every locally tamely imbedded closed set K is tamely imbedded.
A subset X of an n-dimensional metric space M will be called cellular if there exists a sequence of n-cells {C} in M such that Ci+1 c IntC¡ and X = Q* iC¡. It is well known that these n-cells may be taken to be bi-collared and such that [BdC¡+1, BdQ] is an n-annulus for each i [9] .
A set of n distinct points in E3(n > 3) will be said to be in general position if and only if no four of the points lie on a plane in £3. We will say that the polyhedron K is in general position with respect to the polyhedron K' if and only if no vertex of K is a vertex of K' and the sum of the vertices of K and the vertices of K' is in general position. It is well known that any finite system of points in £3 can be brought into general position by an arbitrarily small displacement (see, for example, Theorem 2 of [13] ). It is evident that if K is a polyhedron whose vertices are in general position and K' is an arbitrary polyhedron, then K' may be brought into general position with respect to K by an arbitrarily small displacement of the vertices of K', i.e., an arbitrarily small displacement (piecewise linear) of K'.
3. Cellular subsets which have neighborhoods lying on 2-spheres. We are now in a position to prove Theorem 1. From this theorem and an example first described by Bing we immediately get an answer to the following question. This question was asked by Bing at the National Science Foundation Institute for Graduate Students in Topology, Summer, 1961 [9] .
Question (Bing) . Suppose D is a disk in £3 and a is an arc inlntD. [12] we know that E is tamely imbedded.
We know that there exists a homeomorphism g of E3 onto itself which takes E onto the disk {(x1,x2,0)|xf + x2 = l},BdD2 onto {(xux2,0)\xl + x2 = 1/2}, and BdD! onto {(Xi,x2,0)\xl + x\ = 3/4}.
We will now describe a space homeomorphism/which takes g(Dt) onto g(D) and is fixed on some e-neighborhood of g(D2). If we define F by the requirement that g(V) is this ^neighborhood, then, clearly, h = g~*fg will be the homeomorphism required by the theorem.
Consider the annulus [^g(BdD1),g(BdD)~\ = A and define e > 0 by the requirement that ô(A,g(D2)) > 2s. The description / will be given using cylindrical coordinates (r,co,z) for £3. First, in the rco-plane, for each fixed co (o) = coa), let f take the intervals {(r,co)|3/4 -s _ r _ 3/4, <w = coa} and {(r,co)|3/4 _ r _ 1 + e,co = coa} linearly onto the intervals {(r, co) j 3/4 -e ^ r _ 1, oe = co^} and {(r, co) \ 1 _ r _ 1 + e} respectively and let / be the identity for /• 5Í 3/4 -e and r = 1 + e. Denote the image of (r,co,z) by (r',co,z). Next, for each fixed co (co = cox), and for 3/4 -e _ r _ 1 + s, let/ take the intervals from 0,0)3,0) to (7/8,coa,e) and from (r,coa,0) to (7/8,coa, -e) linearly onto the intervals from (r',coa,0) to (1 ß,(oa,e) and from (r',cox,0) to (7/8,cwa, -e) respectively. Last, at all other points of E3, let / be the identity. It is an elementary matter to show that / is a space homeomorphism with the required properties and our proof is complete. Proof. This is a direct application of Theorem 1.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Example (Bing). In [7] , Bing gave an example of a disk in £3 with the following properties. (A) There exists an arc in the interior of the disk which contains all the wild points of the disk, and (B) the disk lies on no 2-sphere in £3. Since the arc is cellular in IntZ), this disk and arc provide a negative answer to the question above. This example is pictured in Figure 1. 4. Disks lying on no 2-sphere. Note that the disk of the preceding example has uncountably many wild points, so one might naturally ask if this is necessary. This question becomes especially interesting in view of the following result. Example. This example is a modification of an arc given by Fox and Artin in [10] (see Figure 2) . It is clear that this arc may be put on a 2-sphere by thicken- Figure 2 ing the arc to get a 2-sphere, but consider this alternate construction. Starting from point x, thicken the arc to the left to get a disk Dx, and from the point y, thicken the arc to the right to get a disk Dy. We then have two disks connected by the arc xy. If we put this arc on a disk in such a way that the disks Dx and Dy come out of it from opposite sides we get the construction pictured in Figure 2 . This disk has only two wild points, the end points of the original arc, yet D lies on no 2-sphere. To see this consider BdD. BdD cannot be shrunk to a point in (E3 -D) UBdD [10] . If D were on a 2-sphere, BdD would bound a disk in E3 -IntD and could be shrunk to a point on this disk.
5. Noncellular subsets which have neighborhoods lying on 2-spheres. One might wonder if Corollary 1 of the last section holds for continua X which are not cellular. In this section we will prove that it does, in fact, hold for any continuum. In Theorem 2 we will consider the simplest case: X is a simple closed curve. The techniques developed in the proof of this theorem will permit immediate extension. may be assumed to be polyhedral. Also assume that U lies on a 2-sphere S, which, by Theorem 7 of [3] may be taken to be locally polyhedral at all points of
BdD2 bounds two disks in S and we denote by E that one which does not contain X. Finally, we may also assume that E is in general position with respect to Dj. In order to prove that D2 lies on a 2-sphere we will modify E to get a new disk F such that D2 n F = BdD2. The sphere will then be D2 UF. Since En BdDi = D¡ n Bd£ =0 and since E and Dj are in general position, E n Di is the sum of a finite number of simple closed curves. We will show now how to modify E to get a new disk £' such that £' n Dt consists of at least one less simple closed curve and such that Int£'n [BdDl5BdD2] =0. If we repeat this step as many times as necessary, the final disk £w will be the disk F we are seeking. (For a visual aid, see Consider any "interior" simple closed curve J of En Dy. By this we mean a curve which bounds a subdisk £* of Int£ and a subdisk D* of IntDi such that IntD* n £ =0. It is clear that if £ O Dy =£0, there will exist at least one "interior" simple closed curve. We will replace £* by the disk D*, then push this disk slightly off of Dy so that the modified £ has at least one less component in its intersection with Dy. (In Figure 3 , E* is replaced by £*.) The proof follows from the fact that every closed connected subset X of the interior of D may be written as the intersection of a sequence of sets X = pj,°i y T¡ where each T¡ is a disk with a finite number of disjoint open subdisks removed from its interior and Ti+1 c T¡. Then, since every neighborhood of X in D must be a neighborhood of some T¡, repeated use of the techniques of the proof of Theorem 1 proves Theorem 3.
